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Entanglement has recently been recognized as an energy resource which can outperform classical
resources if decoherence is relatively low. Multi-atom entangled states can mutate irreversibly to
so called bound entangled (BE) states under noise. Resource value of BE states in information
applications has been under critical study and a few cases where they can be useful have been iden-
tified. We explore the energetic value of typical BE states. Maximal work extraction is determined
in terms of ergotropy. Being non-thermal states, extracting heat from them is less obvious. We
propose a scheme in which an ensemble of atomic clusters are subject to a thermal noise before they
are randomly injected into a cavity one at a time. Steady state temperature of the cavity is used as
the quantifier of the maximal heat exchange with the ensemble. BE and free entangled (FE) states
are compared in terms of their ergotropy and maximal heat values. Distinct roles of distillability
in work and heat values of FE and BE states are pointed out. Thermometry of distillability of
entanglement using micromaser cavity is proposed.
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I. INTRODUCTION
Bound entanglement is a unique form of entanglement in the sense that it is irreversible: Entanglement is necessary
to prepare it, however no entanglement can be distilled from it via local operations and classical communication
(LOCC) [1, 2]. Bound entangled (BE) state is nondistillable, having positive partial transposition on the contrary to
free entangled (FE) states. Irreversibility, which is fundamental for formation of all nondistillable entangled states [3],
has been discussed from the view point of thermodynamics as well [4–7]. Energy value of quantum states from resource
theory and thermodynamic point of views has been attracted much attention recently [8–13]. In particular, quantum
coherence and entanglement have been considered to power up quantum heat engines which can outperform their
classical counterparts [14–18], being a practical motive in the emerging field of quantum thermodynamics [19–29].
While single qubit quantum coherence is not sufficient to powering up practical systems subject to decoherence [30],
higher dimensional systems can overcome the decoherence challenge [15, 16, 31].
Bipartite multi-qubit entangled states are high-dimensional quantum coherent systems that can be either in BE or
in FE classes. Some FE states can irreversibly turn into BE states under local noise [32]. Though BE states can be
generated experimentally [33–35], natural presence of BE states under thermal noise in many-body systems suggests
that it can be a natural quantum entanglement resource for quantum energy processing [1, 36–38]. Moreover, it can be
used per se for such applications, in contrast to quantum information processing where it requires an activation [39–
43]. Hence, it is of practical as well as of fundamental interest to examine energetic resource values of FE and BE
states relative to each other.
We specifically consider here typical four qubit BE states, which are the Smolin state [44] and a class of BE states
parametrized to control weights of distillable and nondistillable entangled state components [45]. We determine the
maximal work extractable from such states by calculating the ergotropy [9] (cf. left panel of Fig. 1). For non-thermal
states, extraction of heat, as well as its definition, is less obvious. We follow an operational approach used to define
work [46] and quantify heat by the properties of an auxiliary system (cf. right panel of Fig. 1). For that aim, a
micromaser cavity is introduced effectively as a "thermometer" such that the cavity field must remain in a Gibbsian
state after injecting a multi-qubit cluster to it. Following the concept of ergotropy, we determine maximal heat
transfer (which may be called thermotropy) between the cavity field and an ensemble of identically prepared BE
states. The empirical temperature of the cavity field at the steady state is then used as a simple operational quantifier
of thermotropy.
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2Figure 1. (Left Panel) Maximum work extraction from four qubit bound entangled state ρinit. Red dots represent the qubits
and the lines connecting them represent the coherences among them in the energy basis of non-interacting qubits. After the
interaction with the work source coherences are consumed. If the interaction is optimal no coherence is left in the final state
ρfin and the extracted work will be maximum, which is called as “ergotropy” denoted by W. (Right Panel) Effective heat
extraction from four qubit bound entangled state ρinit. Qubit clusters are injected repeatedly into a resonator one at a time.
Transition time of each cluster through the resonator is τ . The interaction is not optimum and some coherences can remain in
the final state ρ′fin after the transition. If the resonator field is initially a thermal equilibrium state ρcav(t) at temperature T and
if the interaction yields another Gibbsian state of the cavity ρcav(t+ τ ) at an emprical temperature T + δT then the harvested
coherent energy from the qubit cluster can be envisoned as effective heat, δQeff, changing only disorder of the cavity field
without inducing any coherence. Bound entangled (BE) states considered in the text can perform this task. Their coherences
cannot be translated into the cavity field under Tavis-Cummings type interaction. Repeated interaction of the resonator with
the clusters prepared in the same BE state brings the cavity to a steady state at a certain temperature depending on the cluster
state populations and coherences; hence the beam of qubit clusters act as an effective heat bath with which the resonator can
be brought into effective thermal equilibrium at a genuine thermodynamic temperature.
This paper is organized as follows. In Sec. II we present the results of ergotropic analysis in two subsections devoted
to Smolin and parametric family of BE states. Thermotropic analysis is given Sec. III. It starts with Sec. III A on
operational definition of heat; then in Sec. III B it reviews standard micromaser theory from earlier publications and
textbooks, to make the present discussion self-contained, and generalizes the theory which is available for up to three
qubit clusters to the case of four atoms. The results for Smolin and parametric BE states are given in Sec. III C and
Sec. IIID, respectively. In all cases, the results are discussed to compare energetic resource values of BE and FE
states relative to each other as well as to separable states, at the same initial energies. Summary of these results and
conclusion is given in Sec. IV
II. MAXIMUM WORK EXTRACTION FROM BOUND ENTANGLED STATES
A. Smolin Bound Entangled State
We consider a thermally isolated system of four non-interacting qubits, with the same transition frequency ω,
described by a Hamiltonian (we take ~ = 1)
H =
ω
2
(
σA3 + σ
B
3 + σ
C
3 + σ
D
3
)
. (1)
The system is initially prepared in a BE state, introduced by Smolin [44], which can be expressed in the form [33]
ρS =
1
16
∑
i∈0,1,2,3
σAi ⊗ σBi ⊗ σCi ⊗ σDi , (2)
where A,B,C,D label the four qubits. The components of the Pauli spin matrices are denoted by σi with i = 1, 2, 3
and σ0 = 1 stands for the unit matrix.
In order to harvest work from the system, it is coupled to an external work source such that a cyclic work transfer
interaction V (t) is applied to it from time t = 0 to t = τ (cf. the left panel in Fig. 1). Initially the system has E0 = 0
energy. If we can find the system at a minimum final energy after the cyclic process and if the final energy is negative
then the system does maximal work on the external work source. This problem has been solved for general situations
and the concept of ergotropy has been introduced corresponding to maximum work extraction from finite quantum
systems| [9]. Ergotropy is expressed as
W =
∑
j,k
rjǫk
(|〈rj |ǫk〉|2 − δjk) . (3)
3Figure 2. Relation between the computation basis and the energy basis for a four qubit system. Four qubit computational
basis is given by |abcd〉 = |n〉 with a, b, c, d ∈ 0, 1 where n = 1 + 8a + 4b + 2c + d. The energy basis is given in terms of the
excited (e) and ground (g) qubit states such that x1, x2, x3, x4 ∈ {e, g}; they are numbered as |k¯〉 with k = 1..16. For single
qubit, the energy basis is related to the computational basis by |e〉 = |0〉 = (1 0)T and |g〉 = |1〉 = (0 1)T .
Here rj = 1/4 for j = 1..4 and rj = 0 for j = 5..16 are the eigenvalues of ρS in descending order. Eigenvalues of H
are denoted by ǫk and listed in ascending order, ǫk = {−2,−1, .., 0, .., 1, .., 2}ω with k = 1..16. The degeneracy factors
of the distinct eigenvalues ǫk are 1, 4, 6, 4, 1. The final energy of the system
Ef =
16∑
j=1
rjǫj = −1.25ω (4)
is the minimum energy and the maximum extractable work is found to be W = 1.25ω.
After the work extraction the Smolin state is transformed into
ρf =
∑
j
rj |ǫj〉〈ǫj |, (5)
=
1
4
(|gggg〉〈gggg|+ |ggge〉〈ggge|+ |ggeg〉〈ggeg|+ |gegg〉〈gegg|) . (6)
We express the states in the energy basis of the non-interacting four qubit system; excited and ground states of the
qubits are denoted by |e〉, |g〉 which correspond to the computational basis states |0〉, |1〉. Four qubit computational
basis is given by |abcd〉 = |n〉 with a, b, c, d ∈ 0, 1 where n = 1+8a+4b+2c+ d. The relation between the energy and
computation bases is given in Fig. 2. The eigenvalues of ρS are preserved under unitary work extraction. Optimum
final state distributes the larger eigenvalues to the lower energy levels. ρS is not diagonal in the energy basis; it
has coherences which are harvested as work under cyclic application of V (t). If V (t) is optimal then all the energy
coherences are completely harvested such that the final state is of the form Eq. (5), which diagonal in the energy basis
(cf. left panel of Fig. 1). Optimum V (t) can be determined in principle from the map [9] ρS 7→ ρf = UρS , where
U =
16∑
j=1
|ǫj〉〈rj |. (7)
Despite being diagonal and commutative with H , the final state is not a Gibbsian. Intuitively optimum work
extraction could be possible if the Smolin state maps to a thermal equilibrium state at zero temperature for which
Ef = −2ω. For finite systems subject to unitary work extraction, ergotropy is, in general, less than or equal to the
case where the final state is a Gibbsian, such that we haveW ≤ Wth [9]. Smolin state cannot yield optimum ergotropy
Wth.
Let us now compare performance of Smolin state with separable states and with FE states. In fact we can make more
general statements for all BE states using a simple deductions. It is proven in Ref. [9] that if a state ρ majorizes [47]
another state σ (ρ ≻ σ) with the same energy, then ρ has higher ergotropy. As pure states majorizes all the other
states, one can always find either a separable state or a maximally entangled state that would majorize a BE state,
which is not pure. On the other hand, while maximally entangled state or pure separable states are always more active
than BE states, there can be non-maximal FE states which perform poorly relative to BE states at the same energy.
In the subsequent discussion, we shall consider a parametrized class of bound entangled state for further comparison
of the work harvesting from BE states relative to FE states.
4B. A Class of Bound Entangled States
We will now consider a class of bound entangled states introduced in Ref. [45]. It is parametrized with a parameter
ε and expressed in the computational basis as
ρε =


1−ε
4
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 ε
8
0 0 − ε
8
0 0 0 0 0 0 0 0 0 0 0
0 0 ε
8
0 0 0 0 0 − ε
8
0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 − ε
8
0 0 ε
8
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1−ε
4
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 ε
8
0 0 0 0 0 − ε
8
0 0
0 0 − ε
8
0 0 0 0 0 ε
8
0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1−ε
4
0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 ε
8
0 0 − ε
8
0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 − ε
8
0 0 0 0 0 ε
8
0 0
0 0 0 0 0 0 0 0 0 0 0 − ε
8
0 0 ε
8
0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1−ε
4


. (8)
It is bound entangled for 0 ≤ ε ≤ 0.5 and free entangled for 0.5 < ε ≤ 1. This condition depends on partitioning
of the Hilbert spaces on which ρε is constructed [48]. Here we assume ρε is constructed over a tensor product of
Hilbert spaces of dimensions 4×4 [45]. A more general, 5 parameter state with the same structure of ρε is introduced
in Ref. [45]; it is shown to be bound entangled under the same condition of 0 ≤ ε ≤ 0.5, which depends only the
parameter ε [48]. Our objective here is to reveal qualitative differences in the behavior of ergotropy of ρε with ε,
rather than optimization of ergotropy, which would be possible by considering the more general parametrization of
ρε.
We use the same hamiltonian function H given in Eq. (1), taking the same transition frequency ω for each qubit.
Ergotropy can be obtained by using the eigenvalues and eigenvectors of H and ρε in Eq. (3). We need to distinguish
two ranges of ε when we list the eigenvalues of ρε in descending order. For 0 ≤ ε ≤ 0.5, the eigenvalues of ρε in
descending order are
rj =


(1 − ε)/4 for j = 1 . . . 4;
ε/4 for j = 5 . . . 8;
0 for j = 9 . . . 16.
(9)
While for 0.5 ≤ ε ≤ 1, the eigenvalues of of ρε in descending order are
rj =


ε/4 for j = 1 . . . 4;
(1 − ε)/4 for j = 5 . . . 8;
0 for j = 9 . . . 16.
(10)
The eigenvalues of the Hamiltonian H in ascending order is given in the previous section. Calculating the ergotropy
we find
W = ω
{
1.25− ε for 0 ≤ ε ≤ 0.5;
0.25 + ε for 0.5 ≤ ε ≤ 1. (11)
Initial energy of ρε is independent of ε, E0 = 0, hence we can make a meaningful comparison of ergotropies as
resource values of states at different ε. In the bound entanglement domain, ergotropy of ρε linearly decreases with
ε, while in the free entanglement domain, it is linearly increasing with ε. We see that for a given BE state ρǫ with
ε ≤ 0.5, one can find a set of FE states ρα with α ≤ 1 − ε which perform poorly relative to the BE state such that
W(ρε) ≥ W(ρα). Equality happens at ε = 0. Maximum ergotropy achievable by this parametrized family of BE
states at ε = 0 and ε = 1 is equal to that of Smolin state.
We can comment on this behavior from the constructing expression of ρε in the form [45]
ρε = (1 − ε)I4 + ερabcd. (12)
5Here ρabcd is a free entangled state with negative partial transpose while I4 is a BE state with positive partial
transpose. W(I4) = W(ρabcd) indicates that entangled states I4 and ρabcd have the same resource value regardless
of their opposite distillability character. If we mix them however, the resultant state has less resource value than the
components. The state with maximally mixed distillability and nondistillability at ε = 0.5 is the state with smallest
ergotropy. Inseparability and nondistillability have distinct effects on the work resource value of ρε. Symmetric
behavior of W about ε = 0.5 suggests that inseparability has same positive effect for both BE and FE states; while
nondistillability makes a positive and negative contribution to work value of BE and FE states, respectively. The
class of BE states ρε constitutes an example where a subset of FE states can always be found for a given BE state
which can be at least as valuable as them. We can also compare Smolin state and ρε as they have the same initial
energy. For any ε, ergotropy of ρε is bounded from above by that of the Smolin state.
III. HEAT EXTRACTION FROM BOUND ENTANGLED STATES
A. An operational definition of heat quantifier
Before presenting a specific discussion of heat value of bound entangled states, we would like to clarify notion of heat
from a quantum state. Following operational definition of work quantifiers [46], which defines work by examination
of its effect on a target system, we use an operational definition of heat. We consider a system SQ for heat transfer in
addition to the main system that we call as resource (R) SR. Let a global unitary URQ act on the composite system
SR ⊗ SQ. We can determine the change in the local (reduced) state ρQ by a map
ρQ 7→ ρ′Q = TrQ
(
URQρR ⊗ ρQU †RQ
)
, (13)
where the reduced states of SQ and SR are given by ρQ = TrRρRQ and ρR = TrQρRQ. Trace operator brings
irreversibility to the operation. We want to define heat from the properties of the state ρ′Q. A natural condition
to request is that ρ′Q is a Gibbsian object, which is a classical-like state such that it is diagonal in the energy basis
with eigenvalues decreasing with energy; moreover an empirical temperature can be assigned to it when written in
a Gibbsian form. Under these conditions, we can identify the associated energy change as a heat quantifier δQ =
Tr(HQρ′Q)− Tr(HQρQ), where HQ is the Hamiltonian of SQ. If it is also required to be maximum, δQ := max(δQ),
one could call it as “thermotropy”, as the heat analog of the term ergotropy.
In this paper, we restrict ourselves to the systems SQ which are initially in thermal equilibrium states, for simplicity
as well as for its relevance to practical applications and to fundamental resource theories [25]. As both ρQ and ρ′Q
are Gibbsian objects, the transformation becomes a generalized thermal operation [49, 50] which may be called as
generalized Gibbs-preserving map (GGPM) [49, 51, 52]. We use the term “generalized” to distinguish our case from
the usual definitions which require same energy or temperature Gibbsians before and after the transformation. While
the existence of thermal operations can be ensured by usual majorization conditions, existence of GGPM requires
additional conditions on ρR. For a general non-thermal ρR, Eq. (13) may lead to a non-Gibbsian ρ′Q with coherences.
In the subsequent discussions we will show that BE states that we consider cannot induce any coherence in SQ
and leads to a Gibbsian ρ′Q for a specific interaction between SR and SQ. We specifically consider random repeated
applications of GGPM in a micromaser scheme (cf. Fig. 1) so that instead of small amount of heat transfer we can
transfer larger amount of heat and moreover we can determine the maximum amount of heat Q that can be transferred
under such a scheme. This approach determines thermotropy of a set of copies of the same BE states. Thermotropy
depends on the form of URQ and initial states ρQ, ρR. Finding an optimum URQ can be of fundamental interest yet it
is a non-trivial problem that we shall leave it open here; instead we follow a more practical route such that URQ will
be fixed to a typical well-known (Tavis-Cummings) interaction. Steady state temperature of SQ (micromaser cavity
field) will be used as a quantifier of Q.
B. Heat Extraction from Bound Entangled States by Micromaser Scheme
Analytical theory of heat exchange between a beam of quantum coherent atomic clusters and a micromaser cavity
field has been developed already for cluster sizes up to three atoms [16, 53] and numerical investigations for arbitrary
size clusters are available [54]. Here we will review this theory to make our discussions more self-contained and
generalize it analytically to the case of four-atom clusters.
The theory follows some of the standard assumption of micromaser scheme [55, 56] (cf. right panel of Fig. 1), where
the clusters are randomly injected into the cavity one at a time and their time of transit through the cavity is faster
than the photonic life time but slower than the atom-photon interaction time; though we do not neglect neither the
6cavity loss nor the atomic decoherence. We assume the atoms will be subject to a generalized amplitude damping
channel (GADC) before they are injected into the cavity. The interaction of the atomic clusters with the cavity is
described by the Tavis-Cummings model [57] HTC = Ha+Hc+Hint where Ha, Hc and Hint are the the Hamiltonians
of the atomic cluster, the cavity field and the interaction between them, which are given by
Ha =
~ωa
2
N∑
k=1
σzk, (14)
Hc = ~ωca
†a, (15)
and
Hint = ~g
N∑
k=1
(aσ+k + a
†σ−k ), (16)
respectively . Here a and a† are the annihilation and creation operators for the cavity field, respectively, σzk, σ
+
k , σ
−
k are
the z, raising and lowering Pauli operators for the kth atom with k = 1, ..., N ; and g is the strength of photon-atom
coupling, assumed to be spatially homogeneous. Atomic transition frequency ωa is taken to be resonant with the
cavity frequency ωc.
The unitary operator U(τ) = exp(−iHintτ) in the interaction picture for the system of the atomic cluster and the
cavity can be obtained analytically up to second order in gτ . The evolution of the density operator of the cavity
field obtained by tracing out the j’th atomic cluster injected in time tj is given as a thermal operation in the form of
Eq. (13) such that
ρ(tj + τ) = Tra[U(τ)ρa ⊗ ρ(tj)U †(τ)] ≡ S(τ)ρ(tj), (17)
where S(τ) is the superoperator that maps the cavity state from ρ(tj) to ρ(tj + τ) at the end of the interaction time
τ , and ρa is the initial density operator of the atomic clusters, which arrive randomly at a rate p. Probability to
find a cluster inside the cavity in a time interval (t, t+ δt) is pδt. Accordingly the cavity field transformation can be
expressed as a convex combination of an identity and a partial energy exchange interaction such that
ρ(t+ δt) = pδtS(τ)ρ(t) + (1 − pδt)ρ(t). (18)
The energy exchange component of this transformation is accomplished by the Tavis-Cummings model. Its single
qubit version, Jaynes-Cummings model [58], has been studied and recognized as an elementary form of a thermal
operation which can be associated with a two-level doubly stochastic matrix also known as T-transformation [59]. More
generally, such transformations can lead to equilibration between subsystems in terms of distribution of resources,
which is energetic value of quantum states in our case, and sometimes called as Robin-Hood transformations. Indeed
we can write the corresponding transformation of atomic subsystem, similar to Eq. (17), and see that cavity field acts
as a thermal bath to the atoms such that their coherences decrease (cf. right panel of Fig. 1) and their populations
order as a thermal (Gibbs) distribution. Explicit conditions on getting a Gibbsian steady state for the cavity so that
the energy exchange can be identified as heat transfer will be discussed below.
In the limit of δt→ 0 we can find a master equation of the form
ρ˙ = p[S(τ) − 1]ρ(t), (19)
which can be written in the energy basis for four-atom clusters as
ρ˙ =

 16∑
i,j
aij
16∑
n=1
Uni(τ)ρ(t)[Unj(τ)]
† − ρ(t)

 , (20)
where aij denote the elements of the density operator of ρa. We remark that before injecting cluster into the cavity,
we allow atoms to be subject to noise from a GADC. Hence aij denote the elements after the action of GADC
transformation. We present the unitary propagator U for four-atom clusters in the Appendix. In the presence of
cavity loss, the master equation in Eq. (20) can be written in the form
ρ˙ ≈ −i[Heff, ρ] + Lsρ+ Lcρ+ Lρ. (21)
The effective Hamiltonian Heff = pgτ(λa†+λ∗a) describes as if a coherent drive applied to the cavity, and λ denotes
the sum of the coherences between the atomic states differing by one excitation, i.e. λ = a1,2 + a1,3 + a1,4 + a1,5 +
7a2,6 + a2,9 + a2,10 + a3,7 + a3,9 + a3,11 + a4,8 + a4,10 + a4,11 + a5,6 + a5,7 + a5,8 + a6,13 + a6,14 + a7,13 + a7,15 + a8,14 +
a8,15 + a9,12 + a9,13 + a10,12 + a10,14 + a11,12 + a11,15 + a12,16 + a13,16 + a14,16 + a15,16.
The squeezing process denoted by the Lindbladian Ls is given by Ls = µ(ξLes + ξ
∗
L
d
s) with the effective coupling
rate µ = p(gτ)2. The squeezing excitation and de-excitation Lindbladians are Les = 2a
†ρa† − a†a†ρ − ρa†a†, and
L
d
s = 2aρa − aaρ − ρaa. ξ is the sum of the coherences between states differing by two or three excitations, i.e.
ξ = a1,6 + a1,7 + a1,8 + a1,9 + a1,10 + a1,11 + a2,12 + a2,13 + a2,14 + a3,12 + a3,13 + a3,15 + a4,12 + a4,14 + a4,15 + a5,13 +
a5,14 + a5,15 + a6,16 + a7,16 + a8,16 + a9,16 + a10,16 + a11,16.
The Lindbladian L is given in terms of the incoherent excitation Lindbladian Le = 2a†ρa − aa†ρ − ρaa†, and
de-excitation Lindbladian Ld = 2aρa† − a†aρ− ρa†a, as
Lρ = µ
(re
2
Leρ+
rg
2
Ldρ
)
. (22)
For clusters of four atoms, we find the coefficients re and rg as
re = 4a11 + 3DE + 2DD +DW + C (23)
rg = 4a16,16 + 3DW + 2DD +DE + C. (24)
where DE =
∑5
i=2 aii, DD =
∑11
i=6 aii, DW =
∑15
i=12 aii, and C = CE + CD + CW , CE =
∑5
i,j=2 aij , CD =∑11
i,j=6 aij −
∑11
i,j=6 bij , CW =
∑15
i,j=12 aij for i 6= j, without repeating the same terms. aij denotes the elements of
density operator of the atomic cluster in the excitation basis, and bij denote the anti-diagonal terms. Anti-diagonal
elements of ρa has no effect in the second order perturbation theory.
The Lindbladian Lc describes the coupling of the cavity to the environment and is given by [30, 60, 61]
Lcρ =
1
2
κ (n¯th + 1)Ldρ+
1
2
κn¯thLeρ, (25)
where κ is the decay constant of cavity, kB is the Boltzmann constant, and n¯th is the number of thermal photons in
the environment at temperature Tenv,
n¯th =
1
e~ωc/kBTenv − 1 . (26)
In our analysis, we will pay special attention to low temperature regimes defined by kBTenv ≪ ~ωc, corresponding to
n¯th ≪ 1.
To ensure the energy exchange between the cavity field and the atomic cluster can be identified as heat first of all
the conditions λ = ξ = 0 has to be satisfied, otherwise the general solution of the master equation would be of thermal
squeezed state instead of Gibbsian. Surprisingly BE states that we consider satisfy these conditions. In practice, in
order to assign an empirical temperature to the cavity field in the presence of cavity loss it is necessary to make sure
gτ is sufficiently small [60].
When the first set of heat exchange conditions (λ = ξ = 0) are satisfied the master equation reduces to
ρ˙ =
µre + κn¯th
2
Leρ+
µrg + κ(n¯th + 1)
2
Ldρ. (27)
The next condition to be satisfied is to operate the micromaser below the maser threshold such that re < rg + κ/µ,
for which steady state of the cavity field becomes a Gibbsian [62] with an empirical temperature T
re + κn¯th/µ
rg + κ(n¯th + 1)/µ
= e−~ωc/kBT . (28)
While T can be taken as a proper temperature for the cavity field, the atomic beam can be envisioned only as an
“effective” heat bath at T which can be coherently engineered by heat exchange coherences (HECs) of the atomic
cluster.
We can give an explicit expression of the field temperature in terms of total HECs C and a population difference
parameter δ such that
T (C, δ) =
~ωc
kB
[
ln
(
R+ δ + 2C + 2κ(n¯th + 1)/µ
R− δ + 2C + 2κn¯th/µ
)]−1
. (29)
Here, we write δ = Rg −Re where Re = re − C and Rg = rg − C. R = Rg +Re = 4 is the trace parameter, equal to
number of atoms in a cluster, and it is invariant under GADC. The steady state condition for which T is well-defined
becomes δ + κ/µ > 0, independent of coherences.
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Figure 3. Cavity temperature Tcav (in Kelvin) achieved under pumping by four-atom clusters in Smolin state with respect to
ttr (in ms), the transfer time of the atomic clusters to the cavity.
The effect of GADC, which is a combination of amplitude damping channel and amplitude amplifying channel,
on an atomic cluster during its transfer to the cavity can be described in terms of Kraus operators MGADC =
(M0,M1,M2,M3) in the energy basis in Born-Markov approximation [63]
MGADC =
√
α
(
|g〉 〈g|+
√
1− pGADC |e〉 〈e|
)
,√
β
(√
1− pGADC |g〉 〈g|+ |e〉 〈e|
)
, (30)
√
αpGADC |g〉 〈e| ,
√
βpGADC |e〉 〈g| ,
where α = (n¯th + 1) / (2n¯th + 1) and β = n¯th/ (2n¯th + 1), which stand for ADC and AAC, respectively, and we assume
that identical decoherence is applied to each atom separately. Denoting the atomic damping rate and the transfer
time of the atomic clusters to the cavity as γ and ttr, respectively, we write pGADC = 1 − exp[−γttr(1 + 2n¯th)/2]
describing the strength of the GADC at a given environment temperature [64].
In Ref. [30] microwave, optical, and superconducting resonator systems are compared with each other and supercon-
ducting resonators are found to be most promising for effectively simulate micromaser system pumped with quantum
coherent atoms [60]. Following these result, we use typical range of values for our parameters in the simulations. We
take κ/µ = 1 with the resonance frequency ωc/2π = 10 GHZ and Tenv ∼ 160 mK corresponds to n¯th = 0.05. For
Cooper-pair box [65] or flux qubits [66], we can take γ/2π = 1 MHZ. In general, we will consider ttr = 50 ns leading
to pGADC ≈ 0.15, but we will also investigate the effect of ttr for a fixed γ. Under these realistic conditions, below we
will present the results on the heat extraction from four-atoms in Smolin state and a parametrized class of BE states.
C. Smolin Bound Entangled State
In the energy basis, the non-zero elements of the Smolin state are found as a1,1 = a1,16 = a6,6 = a6,11 = a7,7 =
a7,10 = a8,8 = a8,9 = a9,9 = a9,8 = a10,7 = a10,10 = a11,6 = a11,11 = 1/8. Accordingly we have δ = C = 0. Coherences
in Smolin state are ineffective in heat exchange under short time condition (gτ ≪ 1). ρS satisfies the conditions
λ = ξ = 0 so that no coherence or squeezing is induced in the cavity field. While it cannot satisfy the threshold
condition (δ + κ/µ > 1) for the heat exhange with a perfect cavity, with the help of cavity loss this condition is also
satisfied. It would act as a very hot bath but its effective temperature can be controlled by exposing it to GADC
before injecting into the cavity. After the GADC for ttr = 50 we find δ ≈ 0.58. The cavity temperature is determined
to be T ≈ 0.75 K hence copies of ρS act as an effective hot bath for the cavity field. The thermal gradient between the
environment of the cavity and the effective hot bath can be used to extract work efficiently from the cavity field using
various quantum heat engine cycles which is an indirect route to extract work from BE Smolin state, an alternative
to single shot cyclic action of a work source for ergotropy. In Fig. 3, we plot the dependence of cavity temperature
on ttr. As ttr, exposure time of clusters to the environment gets longer before they are injected into the cavity, the
cavity temperature approaches to the environment temperature of 160 mK. This happens around ttr ∼ 2 ms for which
pGADC → 1.
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Figure 4. Cavity temperature Tcav (in Kelvin) achieved under pumping by four-atom clusters in a parametric entangled
state with respect to the ε, parameter (dimensionless) of the state, measuring distillable and nondistillable components of the
entangled state. In the bound entangled region 0 ≤ ε ≤ 0.5, the state leads to a higher cavity temperature than in the free
entangled region 0.5 < ε ≤ 1. Exposure time of the atoms to the environment at Tenv ∼ 160 mK before their injection into the
cavity is ttr = 50 ns.
D. A Class of Bound Entangled States
The non-zero elements of the class of bound entangled state are given in the excitation basis as a1,1 = a7,7 =
a10,10 = a16,16 = 1− ε/4, a2,2 = a3,3 = a4,4 = a5,5 = a12,12 = a13,13 = a14,14 = a15,15 = ε/8, and a2,4 = a4,2 = a3,5 =
a5,3 = a12,14 = a14,12 = a13,15 = a15,13 = −ε/8. While this BE state has the same δ = 0.58 with the Smolin state,
it has heat exchange coherences, yielding C ≈ −0.85 ε after action of GADC for and exposure time ttr = 50 ns. In
addition to the populations, the negative coherence of this state contributes to the control of the cavity temperature.
For ttr = 50 ns an analytical expression for the cavity temperature is found to be
T (ε) ≈ 0.48
[
ln
(
1 +
0.5
2.73 + ε
)]−1
, (31)
exhibiting a decreasing behavior with respect to ε, as shown in Fig. 4. Monotonic and linear-like behavior of Tcav with
ε suggest that cavity temperature can be used as a thermometer of such entangled states that can clearly distinguish
FE and BE from each other, in contrast to ergotropy which is mirror-symmetric relative to ε = 0.5 (cf. Eq (11)).
Higher cavity temperature is found in the BE region 0 ≤ ε ≤ 0.5 than in the free entangled region 0.5 < ε ≤ 1.
Despite the negative contribution of its coherences set of ρε act as an effective hot bath for the cavity.
In order to see clearly the effect of the coherences in BE and FE ρε states on the cavity temperature, let us consider
completely dephased versions of ρε at ε = 0.5 and ε = 1 before its transfer to the cavity, such that we eliminate all the
the off-diagonal elements, but leave the diagonal ones untouched. The results are plotted in Fig. 5. The upper orange
curve, the middle blue curve, and the lowest red cure are for the cases of dephased, BE, and FE states. Negative
coherences reduce the cavity temperature relative to that of positive effect of populations. BE state remains superior
to FE state at all exposure times to GADC channel. As ttr increases, the strength of GADC increases so that the
coherences decrease, which causes narrowing of the gap between the curves.
In addition to their completely dephased versions, FE and BE ρε states can be compared with other typical seprable
states at the same energy. In Table I, we compare such states with each other, indicating that neither of the entangled
states can outperform the separable states as their coherences are negative. On the other hand dependence of Tcav on
ε allows us to design a quantum heat engine cycle operating between two different temperatures engineered by two
distinct sets of four-atom clusters with different distillability parameters ε. This can be used to harvest distillability
as a resource.
IV. CONCLUSIONS
We have investigated the work and heat value of typical bound entangled (BE) states of four qubits, namely Smolin
state and a class of parametric states which is bound or free according to the parameter, characterizing the relative
weight of distillable and nondistillable entangled components of the state.
Maximal work extraction from such states has been determined in terms of ergotropy. Qualitatively distinct behavior
of ergotropy with respect to distillability parameter in the parametrized family of free and bound entangled states
10
State C δ T
ρS 0 0.58 0.75
ρε = 0 0 0.58 0.75
ρε = 0.5 -0.42 0.58 0.61
ρε = 1 -0.85 0.58 0.47
|+〉 ⊗ |+〉 ⊗ |+〉 ⊗ |+〉 2.52 0.58 1.53
(1 ⊗ 1 ⊗ 1 ⊗ 1)/16 0 0.58 0.75
Table I. Coherence C, population difference parameter δ and steady state cavity temperature T achievable by some representa-
tive bound and free entangled as well as separable states. ρS and ρε=0, ρε=0.5, ρε=1 denote the Smolin state and parametrized
BE states, respectively. For the separable states we take |+〉 = (|g〉 + |e〉)/√2 and maximally mixed state 1⊗4/16. All these
4-atom states are subject to GADC for a time ttr = 50 ns.
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Figure 5. Steady state temperature Tcav (in Kelvin) of a micromaser cavity field pumped by four-atom clusters in a parametric
entangled state ρε with respect to transit time ttr of the clusters through the cavity, for a bound entangled state at ε = 0.5
(blue middle curve) and a free entangled state at ε = 1 (red lower curve), and their completely dephased versions without any
coherence (upper orange curve). The cavity temperature approaches to the temperature of the environment Tenv ∼ 160 mK as
ttr → 1 ms. Inset shows the short time behavior up to ttr = 50 ns.
have been found. Minimum ergotropy occurs when distillable and nondistillable entangled components of the state
have the same weight.
In order to explore heat extraction, we introduced an operational definition of heat and deduced the conditions
to identify the energy exchange with an auxiliary system as heat. To maximize the heat exchange we considered a
repeated interaction scheme which can be implemented by a micromaser set up. Defining a new concept “thermotropy”
as an analog to “ergotropy”, we revealed the heat potential of atomic clusters as a quantum fuel. Due to inevitable
interactions with the environment, systems initially prepared in a free entangled state may turn irreversibly to BE
states, from which no entanglement can be distilled. However, we showed that heat can still be harvested from their
coherences. Comparison of free and BE states in terms of their ergotropy and thermotropy values is given; role of
distillability, which is different in work and heat values is pointed out. Almost lineat behavior of cavity temperature
with the distillability can be used for thermometry of distillability of entanglement.
Our results can be significant to lead further avenues of practical applications for bound entanglement and to
illuminate fundamental relations among irreversibility, entanglement, and energy processes in quantum information
and quantum thermodynamics.
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Appendix: Propagator of the four-qubit Tavis-Cummings model under short time approximation
We list the matrix elements of the propagator in Eq.(20) in the short time approximation (gτ ≪ 1) in the energy
basis as
U11 = 1− 2(gτ)2
(
a†a+ 1
)
,
U21 = U31 = U51 = U91 = U42 = U62 = U10,2 = U43
= U73 = U11,3 = U84 = U12,4 = U65 = U75 = U13,5
= U86 = U14,6 = U87 = U15,7 = U16,8 = U10,9 = U11,9
= U13,9 = U12,10 = U14,10 = U12,11 = U15,11 = U16,12
= U14,13 = U15,13 = U16,14 = U16,15 = −igτa†
U12 = U13 = U15 = U19 = U24 = U26 = U2,10 = U34
= U37 = U3,11 = U48 = U4,12 = U56 = U57 = U5,13
= U68 = U6,14 = U78 = U7,15 = U8,16 = U9,10 = U9,11
= U9,13 = U10,12 = U10,14 = U11,12 = U11,15 = U12,16
= U13,14 = U13,15 = U14,16 = U15,16 = −igτa
U41 = U61 = U71 = U10,1 = U11,1 = U13,1 = U82 = U12,2
= U14,2 = U83 = U12,3 = U15,3 = U16,4 = U84 = U14,4
= U15,4 = U16,5 = U16,6 = U16,7 = U12,9 = U14,9 = U15,9
= U16,10 = U16,11 = U16,13 = −(gτ)2
(
a†
)2
U14 = U16 = U17 = U1,10 = U1,11 = U1,13 = U28 = U2,12
= U2,14 = U38 = U3,12 = U3,15 = U4,16 = U48 = U4,14
= U4,15 = U5,16 = U6,16 = U7,16 = U9,12 = U9,14 = U9,15
= U10,16 = U11,16 = U13,16 = −(gτ)2 (a)2
U22 = U33 = U55 = U99 = 1− 1
2
(gτ)2
(
4a†a+ 3
)
U44 = U66 = U77 = U10,10
= U11,11 = U13,13 = 1− 1
2
(gτ)2
(
2a†a+ 1
)
U88 = U12,12 = U14,14 = U15,15 = 1− 1
2
(gτ)2
(
4a†a+ 1
)
U16,16 = 1− 2(gτ)2a†a
U32 = U52 = U92 = U23 = U53 = U93 = U64 = U74
= U10,4 = U11,4 = U25 = U35 = U95 = U46 = U76
= U10,6 = U13,6 = U47 = U67 = U11,7 = U13,7 = U12,8
= U14,8 = U15,8 = U29 = U39 = U59 = U4,10 = U6,10
= U11,10 = U13,10 = U4,11 = U7,11 = U10,11 = U13,11
= U8,12 = U14,12 = U15,12 = U6,13 = U7,13 = U10,13
= U11,13 = U8,14 = U12,14 = U15,14 = U8,15
= U12,15 = U14,15 = −1
2
(gτ)2
(
2a†a+ 1
)
,
(A.1)
and rest are all zero.
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